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Structure and correlations in condensed matter

At high temperature kinetic energy dominates over potential
energy

Equilibrium phases are isotropic, homogeneous and weakly
correlated
Full symmetry of empty space

As temperature decreases phase transitions lead to more
correlated states

Such transitions can be continuous or discontinuous.

At sufficiently low temperature potential energy dominates over
kinetic

Equilibrium sates are non-isotropic and strongly correlated
Low symmetry phase characterised by rigidity, low frequency
modes and topological defects
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Structure and correlations in condensed matter

Condensation can generate a limitless variety of equilibrium
structures
Such structure are characterised by average atomic positions
and inter-particle spatial correlations

Figure: Different types of mesogenic order: Isotropic, nematic, smectic and
crystalline
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The n-particle density (n-PD)
Reduced phase-space distribution function functions f (n)

0 (rn,pn) are
obtained by integrating f [N]

0 (rN ,pN) over 3(N − n) positions and 3(N − n)
momenta.

Canonical n-particle density:

ρ
(n)
N (rn) =

N!

(N − n)!

1
h3NN!QN

Z Z
exp (−βVN)dr(N−n)dpN

=
N!

(N − n)!

1
ZN

Z
exp (−βVN)dr(N−n)

ρ
(n)
N (rn) = probability of finding n particles within the volume element drn,

irrespective of coordinates of other particles and irrespective of all
momenta.

n-PDs describe the microscopic structure of the fluid

For pair-wise potentials ρ(2)
N (r1, r2) allows to calculate equations of state

and thermodynamic properties
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The n-particle density (n-PD)

The definition of n-PD means that:∫
ρ

(n)
N (rn)drn =

N!

(N − n)!
and

∫
ρ

(1)
N (r)dr = N (1)

For a uniform fluids:

ρ
(1)
N (r) = N/Vρ uniform fluid (2)

For and ideal gas:

ρ
(2)
N = ρ2

(
1 − 1

N

)
ideal gas (3)
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δ-function representation

From the definition of δ-function it follows that:

〈δ(r − r1)〉 =
1

ZN

∫
δ(r − r1) exp [−βVN(r1, r2 · · · , rN)]drN (4)

=
1

ZN

∫
exp [−βVN(r, r2 · · · , rN)]dr2 · · ·drN (5)

where the ensemble average is a function of r and independent of the
particle label.

For a N-particle system the "singlet" density can be written as:

ρ
(1)
N (r) =

〈
N∑

i=1

δ(r − ri)

〉
ensemble average of ρ(r) =

N∑
i=1

δ(r − ri)

(6)
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δ-function representation

The average of a product of two delta functions is:˙
δ(r− r1)δ(r′ − r2)

¸
=

1
ZN

Z
δ(r− r1)δ(r′ − r2) exp [−βVN(r1, r2 · · · , rN)]drN

=
1

ZN

Z
exp [−βVN(r, r′, r3 · · · , rN)]dr3 · · · drN

which implies:

ρ
(2)
N (r, r′) =

〈
N∑

i=1

N∑
j 6=i

δ(r − ri)δ(r′ − rj)

〉
(7)
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The n-particle distribution function (n-DF)

The n-particle distribution function, g(n)
N (rn) is defined in terms of

ρ
(n)
N (rn):

g(n)
N (rn) =

ρ(n)(r1, · · · , rn)∏n
i=1 ρ

(n)
N (ri)

(8)

which for a homogeneous system reduces to:

ρng(n)(rn) = ρ
(n)
N (rn) (9)

Distribution functions measure extent of deviation from uniform
distribution
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The pair distribution function

g(2)
N (r1, r2) =

ρ(2)(r1, r2)

ρ(1)(r1)ρ(1)(r2)
(10)

which for a homogenoues fluid becomes:

g(2)
N (|r2 − r1|) = g(r) =

ρ(2)(|r2 − r1|)
ρ2 (11)

with δ−function representation:〈
1
N

N∑
i=1

N∑
j 6=i

δ(r − rj + ri)

〉
=
ρ2

N

∫
g(2)(r, r′)dr′ = ρg(r) (12)
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The pair distribution function

g(r) measured by radiation-scattering experiments
coordination number nc:

nc(r) = 4πρ
∫ r

0
g(r ′)r ′2dr ′ (13)

Note: for a liquid
g(r) → 1 as r →∞. Absence f long-range order
g(r) → 0 as r → 0. Repulsive forces at small separations
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Connection with thermodynamics

For a uniform fluid with total potential energy given by a sum of pair
interactions:

VN(rN) =
NX

i=1

NX
j>i

v(rij) (14)

The excess internal energy is:

Uex =
N(N − 1)

2

Z Z
v(r12)

„
1

ZN

Z
· · ·
Z

exp (−βVN)dr3 · · · drN

«
dr1dr2

(15)
or

Energy equation:

Uex/N = 2πρ
Z ∞

0
v(r)g(r)r 2dr (16)

Mario G. Del Pópolo Statistical Mechanics 13 / 47



Introduction
Particle densities and distribution functions

Structure factor and scattering
Structure and thermodynamics

Canonical distribution functions
Grand canonical distribution functions

Connection with thermodynamics

For pairwise additive forces the internal contribution to the virial
function is:

Vint =
N∑

i=1

N∑
j>i

ri · Fij = −
N∑

i=1

N∑
j>i

rijv ′(ij) (17)

leading to the following expression for the pressure:

Pressure equation:

βP
ρ

= 1 − 2πβρ
3

∫ ∞

0
v ′(r)g(r)r3dr (18)
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Reversible work theorem

Reversible work theorem
Under constant (N,V ,T ) the reversible for work (Helmholtz free en-
ergy) necessary to bring two tagged particles from infinite separation
to a relative distance r is given by:

w(r) = −kBT ln (g(r)) (19)

Note: w(r) is called the potential of mean force, since its gradient
gives the force between the two tagged particles averaged over the
equilibrium distribution of all the other degrees of freedom
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Potential of mean force

on the system becomes larger than the free energy difference.29

Due to the exponential nature of eq 4 and the limited number
of samplings, this forces the reconstructed PMF to be far from
the exact PMF.27

The position fluctuation associated with a spring constantk
connecting between the ion and the imaginary AFM tip can be
described using40

The use of a soft spring causes a large fluctuation in the position
and makes it difficult to estimate the fine structure of the PMF.
To avoid this difficulty, the SMD simulation uses the stiff-spring
approximation, which assumes that the spring constant must
be sufficiently large that the ion closely follows the tip.27 The
effect of spring stiffness on the PMF is shown in Figure 3b.
This clearly shows that the reconstructed PMF profiles digress
more from the exact PMF as the spring constant gets softer.

Another factor that affects the PMF reconstruction from the
cv-SMD is the diffusion coefficient or friction coefficient of
the ion. As the diffusion coefficient decreases (or the friction
coefficient increases), the energy dissipation from the ion to
the bath increases and the process gets irreversible more quickly.
This also leads to bad sampling in the PMF reconstruction.
Figure 3c shows the results from three different ion diffusion
coefficients that represent the values in bulk (2.0× 10-5cm2/s)
and estimates for ion channels (1.0× 10-5-0.5 × 10-5cm2/
s).19,20It appears that diffusion coefficients in the indicated range
have little effect on the reconstructed PMF profiles.

B. PMF Profile of a Single Na+ Ion from cv-SMD
Simulations.Figure 5 shows the PMF profile for a single Na+

moving through the cyclic peptide nanotube. The positions of
the ion in the cyclic peptide nanotube are also shown in several
places. Several features in the PMF profile are worth addressing.
First of all, energy barriers of∼2.4 kcal/mol show up at the

both entrances to the nanotube (z ) (8.0 Å). These energy
barriers, so-called dielectric barriers, dielectric self-energy
barriers, or desolvation penalties, appear because several water
molecules that surround the Na+ ion are removed for the ion to
enter the mouth of the nanotube. Many studies have been done
to calculate the dielectric barrier energies in ion channels.43-46

Beckstein et al. used PB equations and MD simulations to obtain
free energy profiles inside model ion channels with no fixed
charges and radii varying from 1.5 to 10.0 Å. The barrier heights
they obtained from the MD simulations ranged from 24 (r )
1.5 Å) to 2.5 kcal/mol (r ) 10.0 Å).46 Cyclic peptide nanotubes
have negatively charged carbonyl oxygens on the backbone,
and there are strong attractive interactions between cations and
the carbonyl oxygens.17 Consequently, the energy barriers at
the channel entrances are a combined result of the desolvation
penalty and the attractions between Na+ and the carbonyl
oxygens. As mentioned in Section II.B, Na+ at z ) (11.83 Å
is still bound to the cyclic peptide. If the ion is pulled from
bulk toward the entrance of the tube, the dielectric barrier must
be higher than the 2.4 kcal/mol value we obtained. Second, the
well depth of the PMF profile is-4.1 kcal/mol, which is smaller
than the-11.8 kcal/mol value predicted using a free energy
perturbation calculation for a model cyclic peptide nanotube
by Asthagiri and Bashford.13 Note that their work determined
only the electrostatic component of the free energy; in contrast,
our study calculated the total free energy, so the direct
comparison of their results and ours cannot be made. Also note
that Asthagiri and Bashford did not study other aspects of the
PMF in their work. So, the presence of barriers at the nanotube
entrances was not determined previously. Third, our results show
that there are small barriers and wells in the PMF curve, which
suggest that the Na+ ion diffuses through the peptide nanotube
with a series of hoppings. A similar hopping mechanism for
water molecules diffusing inside the peptide nanotube was found
in MD simulations.12

Figure 5. Na+ PMF profile. Na+ positions corresponding tozcoordinates along the cyclic peptide nanotube are also shown in the inserted snapshots.

δz∼ xkBT/k (10)

SMD Studies of PMF of Na+/K+ in Peptide Nanotube J. Phys. Chem. B, Vol. 110, No. 51, 200626453

Figure: Potential of mean force, obtained by molecular dynamics simulations,
for a sodium ion passing through a cyclic peptide nanotube in water. Hwang
et al., J. Phys. Chem. B, 2006, 110, 26448.
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Particle densities in the grand canonical ensemble
Grand canonical ensemble n-particle densities and distributions are
constructed from the canonical ones:

ρ(n)(rn) =
∞X

N≥n

p(N)ρ(n)(rn) (20)

=
1
Ξ

∞X
N=n

zN

(N − n)!

Z
exp (−βVN)dr(N−n) (21)

Normalisation leads to:Z Z h
ρ(2)(r1, r2)− ρ(1)(r1)ρ

(1)(r2)
i

dr1dr2 =
D

N2
E
− 〈N〉 − 〈N〉2 (22)

which for a homogeneous fluid leads to:
Compressibility equation:

1 + ρ

Z
[g(r)− 1]dr =

˙
N2¸− 〈N〉2

〈N〉 = ρkBTχT (23)
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Overview of scattering theory
80 DISTRIBUTION-FUNCTION THEORIES

observer

sample

k2

k1

k

k1

FIG. 4.1. Geometry of an elastic scattering event.

To simplify the calculation we assume that the scattering is elastic. Then |k1| = |k2| and

k = 2k1 sin 1
2θ = 4π

λ
sin 1

2θ (4.1.11)

where λ is the neutron wavelength.
The scattering of the neutron occurs as the result of interactions with the atomic nu-

clei. These interactions are very short ranged, and the total scattering potential V(r) may
therefore be approximated by a sum of δ-function pseudopotentials in the form

V(r) = 2πh̄2

m

N∑
i=1

biδ(r − ri ) (4.1.12)

where bi is the scattering length of the ith nucleus. For most nuclei, bi is positive, but it
may also be negative and even complex; it varies both with isotopic species and with the
spin state of the nucleus.

The wavefunction ψ(r) must be a solution of the Schrödinger equation:(
− h̄2

2m
∇2 + V(r)

)
ψ(r) = Eψ(r) (4.1.13)

The general solution having the correct asymptotic behaviour is

ψ(r) = exp(ik1 · r) − m

2πh̄2

∫
exp(ik1|r − r′|)

|r − r′| V(r′)ψ(r′)dr′ (4.1.14)

The second term on the right-hand side represents a superposition of spherical waves em-
anating from each point in the sample.

Equation (4.1.14) is an integral equation for ψ(r). The solution in the case when the
interaction V(r) is weak is obtained by setting ψ(r) ≈ exp(ik1 · r) inside the integral sign.

Sample bombarded with particles with momentum ~k1. Scattered
particles have momentum ~k2.
Momentum transfered to the sample: ~k = ~k1 − ~k2

For elastic scattering |k1| ∼ |k2| and:

|k| = 2|k1| sin (θ/2) =
4π
λ

sin (θ/2) (24)
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Overview of scattering theory

Particle wave function represented by plane-wave states
|k1〉 ∼ exp (ik1 · r) and |k2〉 ∼ exp (ik2 · r)
Particles interact with the sample via a weak interaction potential Φ(r)

Φ(r) =
NX

i=1

φi(r− ri) (25)

as sample is formed by a collection of N scattering centres (particles)

Transition rate between states k1 and k2 proportional to the square of

〈k1| Φ(r)|k2〉 =

Z
dr exp (−ik1 · r)Φ(r) exp (ik2 · r) (26)

Fermi’s golden rule

The differential cross-section per unit of solid angle Ω is:

dσ
dΩ

∼ | 〈k1| Φ(r)|k2〉 |2 (27)
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The structure factor

Using the previous expression for the scattering potential and changing
variables to Ri = r− ri

〈k1| Φ(r)|k2〉 =
NX

i=1

Z
dRi exp (−ik1 · (ri + Ri))φi(Ri) exp (ik2 · (ri + Ri))

=
NX

i=1

»Z
dRi exp (−ik · Ri)φi(Ri)

–
exp (ik · ri)

=
NX

i=1

φi(k) exp (ik · ri) → φ(k)ρ(k)

the cross section is

dσ
dΩ

∼
NX

i=1

NX
j=1

φi(k)φi(k)∗ exp (−ik · ri)exp(ik · rj) (28)
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The structure factor

If all atoms are identical. Taking the ensemble average:

dσ
dΩ

∼ |φ(k)|2
*

NX
i=1

NX
j=1

exp (−ik · ri)exp(ik · rj)

+
(29)

∼ |φ(k)|2NS(k) (30)

Structure factor:

S(k) =
1
N

*
NX

i=1

NX
j=1

exp (−ik · ri)exp(ik · rj)

+
= 〈ρ(k)∗ρ(k)〉 (31)

Scattering measures the density-density correlation function, or mean
square density fluctuation, at any wave vector k.

Form factor: |φ(k)|2

Mario G. Del Pópolo Statistical Mechanics 24 / 47



Introduction
Particle densities and distribution functions

Structure factor and scattering
Structure and thermodynamics

Scattering theory
Structure factor
Example: Spherical colloidal particles

The structure of liquid argon

Experimental, radial distribution function Structure factor for liquid argon
g(r) for liquid argon at he same conditions.

Main peak at k ∼ 2π/σ

Source: Chaikin & Lubensky
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Application: Suspension of spherical colloidal particles
Consider a suspension of spherical particles.

Amplitude of radiation scattered by particle i

Bi(k) =

Z
Bi(r) exp (ik · r)dr (32)

where Bi(r) represents the distribution of scattering centres within the
particle

For light scattering, Bi(r) reflects variations of the local index of
refraction, and

Bi(r) = ni(r)− n0 (33)

with ni(r) and n0 the refraction index of the particle and solvent
respectively

For ensemble of N particles the intensity of scattered radiation:

I(k) =
NX

i=1

NX
j=1

〈Bi(k)Bj(k) exp (ik · (ri − rj))〉 (34)
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Spherical colloidal particles

For N identical particles:

I(k) = NB(0)2P(k)S(k) (35)

where S(k) is the centre of mass structure factor, and
P(k) = (B(k)/B(0))2 is called the form factor
For a dilute suspension S(k) = 1 for all k
For homogeneous spherical particles of radius R and refractive index nc ,

B(r) = nc − n0 for |r| < R (36)

and

B(k) = 4π(nc − n0)

Z R

0

sin (kr)
kr

r 2dr = (
4πR3

3
)(nc − n0)

3J1(kR)

kR
(37)

with J1(x) = (sin(x)− x cos(x))/x2

The intensity of scattered light is:

I(k) = NB(0)2P(k) with P(k) =

»
3J1(kR)

kR

–2

(38)
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Spherical colloidal particles

0 2 4 6 8
kR

0

0.2

0.4

0.6

0.8

1

P(
kR

)

kR ~ 4.5

Figure: S(k) for a dilute suspension of spherical particles.

Note: The structure factor, S(k), decays rapidly with k and has a first zero at
kR ∼ 4.5, which allows the experimental determination of the radius of the
particles.
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A fluid in an external field
Hamiltonian of a system in presence of external field:

H(rN ,pN) = KN(pN) + VN(rN) + ΦN(rN) (39)

The external field couples to the density ρ(r)

ρ(r) =
N∑

i=1

δ(r − ri) (40)

The instantaneous potential energy due to the field is:

Φ(r) =
N∑

i=1

φ(ri) =

∫
ρ(r)φ(r)dr (41)

and its average value is give by:

〈ρ(r)〉 = ρ(1)(r) and 〈Φ(r)〉 =

∫
ρ(1)(r)φ(r)dr (42)
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A fluid in an external field

The density-density correlation function describes fluctuations in
the local density:

H(2)(r, r′) = 〈[ρ(r)− 〈ρ(r)〉] [ρ(r′)− 〈ρ(r′)〉]〉 (43)
= ρ(r, r′) + ρ(1)(r)δ(r − r′)− ρ(1)(r)ρ(1)(r′) (44)
= ρ(1)(r)ρ(1)(r′)h(2)(r, r′) + ρ(1)(r)δ(r − r′) (45)

where h(2)(r, r′) = g(2)(r, r′)− 1

H(2)(r, r′) describes correlations between the microscopic
density at two points in the space, r and r′

We will see later that H(2)(r, r′) is the linear response function
of the system
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A fluid in an external field

We seek for a relation between the grand potential, Ω, and φ(r) or ρ(r)

In the presence of external field Ξ(µ,V ,T ) is:

Ξ = exp (−βΩ) =
∞X

N=0

1
N!

Z
exp (−βVN)

 
NY

i=1

z exp [−βφ(ri)]

!
drN (46)

and the corresponding particle densities are:

ρ(n)(rn) =
∞X

N=0

1
(N − n)!

Z
exp (−βVN)

 
NY

i=1

z exp [−βφ(ri)]

!
dr(N−n) (47)

defining the intrinsic chemical potential as: ψ(r) = µ− φ(r)

Ξ =
∞X

N=0

1
N!

Z
exp (−βVN)

 
NY

i=1

1
∆3 exp [−βψ(ri)]

!
drN (48)
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Thermodynamic potentials as functionals
We suppose the definition of φ(r) includes the confining potential so
we replace the volume, V , by φ(r). Using the first law

δU = T δS +

∫
ρ(1)(r)δφ(r)dr + µδN (49)

The corresponding change in F is:

δF = −SδT +

∫
ρ(1)(r)δφ(r)dr + µδN (50)

Defining the intrinsic free energy F as: F = F −
∫
ρ(1)(r)φ(r)dr

δF = −SδT −
∫
ρ(1)(r)δφ(r)dr + µδN (51)

= −SδT +

∫
ρ(1)(r)δψ(r)dr (52)

It becomes clear that ψ(r) is the variable conjugate to ρ(1)(r)
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Thermodynamic potentials as functionals
The grand potential Ω = F − Nµ can be expressed in terms of F :

δΩ = F +

Z
ρ(1)(r)φ(r)dr− Nµ (53)

with a differential given by:

δΩ = −SδT +

Z
ρ(1)(r)δφ(r)dr− Nµ (54)

= −SδT −
Z
ρ(1)(r)δψ(r)dr (55)

which shows that F and Ω are functionals of φ(r) and ρ(r) respectively:

Ω = Ω[ψ(r)] and F = F [ρ(r)] (56)

and the they are related by a Legendre transformation:

F = Ω +

Z
ρ(1)(r)ψ(r)dr (57)
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Functional derivatives of the thermodynamic potentials
Aims:

To derive expressions for density-density correlation functions and
response functions by functional differentiation with respect to spatially
varying fields
Obtain relation between density-density correlation functions and
energetic of density fluctuations
Write functional Taylor expansion of the free energy in terms of δψ(r)

Consider:

δF = −SδT +
R
δρ(1)(r)ψ(r)dr → δF

δρ(1)(r)
= ψ(r)

δΩ = −SδT +
R
ρ(1)(r)δψ(r)dr → δΩ

δψ(r) = −ρ(1)(r)

Which shows that:

Ω[ψ]−
Z
ψ(r)

δΩ

δψ(r)
dr → Ω[ψ] +

Z
ψ(r)ρ(1)(r)dr = F [ρ(1)] (58)
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Higher order derivatives
Higher order derivatives are calculated using standard rules for functional
differentiation. Thus

δ2Ω

δψ(1)δψ(2)
= β

h
ρ(1)(1)ρ(1)(2)− ρ(1)(1)δ(1, 2)− ρ(2)(1, 2)

i
= −βH(2)(1, 2)

=
δρ(1)(1)

δψ(2)

and in general:

δnβΩ

δβψ(1) · · · δβψ(n)
= −H(n)(1, · · · , n) for n ≥ 2 (59)

which allow us to write the Taylor expansion:

δΩ = −
Z
ρ(1)(r)δψ(r)dr− 1

2

Z Z
βH2(r, r′)δψ(r)δψ(r′)drdr′ + · · · (60)
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The density response function
A uniform fluid of density ρ0 is perturbed by a weak external field δφ(r). The
Hamiltonian of the system is:

H = H0 +
NX

i=1

δφ(ri) (61)

and the induced density variation:

δρ(1)(r) = ρ(1)(r)− ρ0 (62)

For a weak perturbation the response is a linear but non-local function of
δφ(r)

δρ(1)(r) =

Z
χ(r, r′)δφ(r′)dr′ (63)

where the linear response function or suceptibility is give by:

χ(r, r′) =
δρ(1)(r)
δφ(r′)

˛̨̨̨
φ=0

=
δρ(1)(r)
δψ(r′)

˛̨̨̨
φ=0

(64)
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Response and correlation functions

As shown before: δρ(r)(1)
δψ(r′) = −βH(2)(r, r′) and,

Linear response function:

χ(r, r′) = −βH(2)(r, r′) Fluctuation dissipation theorem

Within linear response: The pair correlation function of the
unperturbed system measures the response to an external field

For an homogeneous system:

χ(|r − r′|) = −β
[
ρ2

0h(|r − r′|) + ρ0δ(|r − r′|)
]

(65)

and the induced density change:

δρ(1)(r) = −βρ0δφ(r)− βρ2
0

∫
h(|r − r′|)δφ(r′)dr′ (66)
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Wave-vector dependent response

Taking Fourier transforms:

δρ̂(1)(k) = χ(k)φ̂(k) = −βρ0S(k)δφ̂(k) (67)

and

Susceptibility:

χ(k) = −βρ0S(k) (68)

S(k) measures the response of an unperturbed system to an
external field of wavelength 2π/k
At linear order the system responds only at the wave-vector of
the perturbation
For k → 0:

lim
k→∞

S(k) = ρkBTχT (69)
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Example: The random phase approximation (RPA)

Aim:To calculate the static susceptibility, χ(k), of a system of
particles interacting via weak or long-range forces

RPA: approximation based on a combination of linear response
and mean field theories
Separate interaction potential into short and weak/long-range
parts

VT (rN) = V o(rN) + W (rN)
↑ ↑ ↑

Total Reference Perturbation

The total potential, φ(r), felt by a particle at point r is a sum of a
external plus a mean internal potential:

φ(r) = φext(r) +

∫
w(r − r′)δρ(r′)dr′ (70)
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The random phase approximation (RPA)

δρ(r′): deviation of the local density from its mean
The spatially modulated external potential can be written as:

φext(r) =
1
V
δφext(k) exp (−ik · r) (71)

Taking Fourier transform of previous equations:

φ(k) = δφext(k) + w(k)δρ(k) (72)

According to linear response:

δρ(k) = χo(k) × (δφext(k) + w(k)δρ(k))
↑ ↑ ↑

Density Susceptibility Selfconsistent
modulation ref .system potential
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The random phase approximation (RPA)

Solving for δρ(k):

δρ(k) =
χo(k)

1 − χo(k)w(k)
δφext(k) (73)

For the actual system, interacting through the full potential
energy, δρ(k) = χT (k)δφext(k), and :

χT (k) =
χo(k)

1 − χo(k)w(k)
(74)

In terms of the structure factors ST (k) and So(k):

1
ST (k)

=
1

So(k)
+
ρw(k)

kBT
(75)

How does the previous expression look like when V o = 0 (ideal
gas) ?
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