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Overview of previous lecture

Overview of previous lecture

@ Density-density correlation function

HEE ) = {lp(r) = ()] () — ()]

@ Pair distribution function

9Pt — 1)) = g(r) = p@ (12 — 11])/p? (1)

@ Structure factor
N
S(k) = (p*(k)p(k)) where p(k) = exp(ik-k) (2)
i=1
@ Grand potential: Q = Q[y(r)]

_ (1) _1 2 / / ro
0 = /p (r)oy(r)dr 2//5H (r,1)dvy(r)oy(r')drdr +(3)
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. Density response function
Response and correlation functions Y resp:

Outline

e Response and correlation functions
@ Density response function
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. Density response function
Response and correlation functions Y resp:

The density response function

A uniform fluid of density po is perturbed by a weak external field §¢(r). The
Hamiltonian of the system is:

N
H="Ho+ »_ dp(r) (4)
i=1
and the induced density modulation:

5pM(r) = (1) = po (5)
For a weak perturbation the response is a linear but non-local function of
o(r)
5p(r) = / x(r,¥)dg(r')ar (6)
where the linear response function or suceptibility is give by:
5p(r) 5p(r)
rr')= = 7
MO =500 |~ 0 |, 7
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. Density response function
Response and correlation functions Y resp:

The density response function

As shown before: %‘i’ég)) = —BH®)(r,r) and,

Linear response function:

x(r,¥') = —BH®(r,¥)  Fluctuation dissipation theorem

Within linear response: The pair correlation function of the
unperturbed system measures the response to an external field

For an homogeneous system:
xX(Ir =) = =5 [pgh(|r = ¥'|) + pod(|r — '|)] (8)

and the induced density change:

9(6) = ~Bpodolt) - B [ A~ ¥sa()ar(9)
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Density response function

Response and correlation functions

Response in reciprocal space

Taking Fourier transforms:

55 (k) = x(K)B(K) = —BpoS(K)3(k) (10)
and

Susceptibility:

x(K) = —BpoS(k) (11)

@ S(k) measures the response of an unperturbed system to an
external field of wavelength 27 /k

@ At linear order the system responds only at the wave-vector of
the perturbation

@ Fork — O:
kIim S(k) = pkaTxT (12)
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Response and correlation functions

Density response function
l—F{esponse in reciprocal space

e The Fourier components of §4(k) are:
Mwy:/wppmmwdnm

e The structure factor was defined before as:

S(k) = 1+ poh(k)

Response in r

700 = \(K306) = IS5 (10,

\(K) = Sk an

e/k
m rosponds only at the wave-vector of

o
the pertubation

& Fork —0:
Jm () = phsTxr 12

(13)



Response and correlation functions . ) .
Application: random phase approximation

Outline

e Response and correlation functions

@ Application: random phase approximation
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Response and correlation functions . ) .
Application: random phase approximation

Example: The random phase approximation (RPA)

Aim:To calculate the static susceptibility, x(k), of a system of
particles interacting via weak or long-range forces

@ RPA: approximation based on a combination of linear response
and mean field theories

@ Separate interaction potential into short and weak/long-range

parts
Vr(rV) = vo(rV) + w(rN)
T T T
Total Reference Perturbation

@ The total potential, ¢(r), felt by a particle at point r is a sum of a
external plus a mean internal potential:

B(F) = dox(r) + / w(r — )5p(r')ar (15)
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Response and correlation functions

Example

Application: random phase approximation

LExampIe: The random phase approximation (RPA)

o10) = dunt) - [ wte P

e RPA implies a Gaussian distribution,P({p(k)}), for the Fourier
components of the density p(k) = Z,L exp (/k - r;). Such distribution
implies that the phases of those complex numbers are uniformly and
independently distributed.




Response and correlation functions . ) .
Application: random phase approximation

The random phase approximation (RPA)

@ Jp(r'): deviation of the local density from its mean
@ The spatially modulated external potential can be written as:

Pext(r) = 1V5¢ext(k) exp(—ik-r) (16)

@ Taking Fourier transform of previous equations:

P(K) = d¢ext(k) + w(k)ip(k) (17)
@ According to linear response:
op(k) = x°(k) X (0¢ext(k) + w(k)op(k))
Dellsity SusceLtibi/ity Selfconsistent
modulation ref.system potential
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Response and correlation functions . ) .
Application: random phase approximation

The random phase approximation (RPA)

@ Solving for dp(k):

39l0) = s 0ea( (18)

@ For the actual system, interacting through the full potential
energy, 6p(k) = x7 (k)dpext(k), and :

__ x(k
= ew "

@ In terms of the structure factors S’ (k) and S°(k):

L pw(K)
STk) ~ So(k) | keT (20)

@ How does the previous expression look like when V° = 0 (ideal
gas) ?
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Density functional theory

Inhomogeneous fluids

Outline

e Inhomogeneous fluids
@ Density functional theory

Mario G. Del Pépolo Statistical Mechanics 11/36



Density functional theory

Inhomogeneous fluids

Heterogeneous vs. Homogeneous Fluids

@ Homogeneous fluid

@ Invariant under translations

o Local density p(r) — p=N/V ’

@ p uniquely determined by chemical Lennard-Jones fluid
potential ol T*=120 p*=0.593

° Q=90Q(p)

p(l) (2)°

@ Heterogeneous fluid

o External potential Vex(r) break
translational invariance

@ Non-uniform local density p(r)

@ p(r) uniquely determined by ’local
chemical potential
W(r) = 1 — Voul(r)

o Q=Qp(r)]

]
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Density functional theory

Inhomogeneous fluids

Density-Functional Theory

For given choices of Vi, T and u, the intrinsic free-energy functional
FIo" = Tr f(Kn + Vn + ks T In(f)) (21)

is a unique functional of the equilibrium single-particle density p{")(r)

There is only one external potential,¢, that gives rise to a particular
single-particle density, p(r)

Theorem 2:
If n(r) is some average microscopic density. Then the functional

Q[n] = F[n] +/n(r)¢(r)dr - u/n(r)dr (22)

has its minimum value when n(r) coincides with the equilibrium single-particle
density p("(r)

v
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Density functional theory

Inhomogeneous fluids

Variational principle

@ Theorem 2 implies: at equilibrium n(r) = p(")(r) and Q[p("] =
@ Differentiation of Q with respect to n(r) gives:

59,
sn(r)

_0F(n]
= 5n(r)

—p+o(r) =

n:p(1)

n:p“)

which implies that €2, is stationary with respect to variations in
n(r) around the equilibrium density

@ In addition Q, has a lower bound given by the exact grand

potential of the system:
Qq[n] = Q
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Density functional theory

Inhomogeneous fluids

Exact expression for F[y]

An exact expression for 7% [p] can be obtained when V) is a sum of pair

potentials
@ Re-write grand canonical partition function in terms of

e(i,j) = exp (=pv(i,j))

Sl () e

@ Calculate first functional derivative with respect to v(1,2) at constant T

and ¢
00 _ oln=  e(1,2) o=
ov(1,2) — dlne(1,2) = de(1,2)

_ ;iN(N—U/ /(He(,,)(nz(/)>

Statistical Mechanics
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Density functional theory

Inhomogeneous fluids

Exact expression for F[y]

@ Use definition of (see next note)

602
@ ¢y =
p(r,r) 25v(r, ) (23)
@ Since: Q= F + [ p"(reg(r)dr — Nu
SFEI[pM)]
(2) n_o2t W1
pP(rr)=2 SV ) (24)

@ Express potential as a sum of a reference part,vy, and a
perturbation ,w, and define a family of intermediate potentials
by:

va(r,r) = vo(r,r) + dw(r,r')  with 0<A<1 (25)
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Density functional theory
- Exact expression for F[p]

 Use defintion o (soe next note)

Py =252

T

& Sihoo: 0= 7+ [ p0(n)o(ror

e In general:
() rumy N! 1
v (T) = N RN

N!

(N—n) N
= / / exp (—8Va)dr ™ "dp

1 -n
(N_n)|7N/eXp(_6VN)dr(N )



Density functional theory

Inhomogeneous fluids

Exact expression for F[y]

Integrating p®(r,r) = 2‘”;‘,7#6] at constant single particle density:

]
FEIpM] = féex)[p(‘)]+1/ d/\//p(2)(r7r’;)\)w(r,r’)drdr’

_ eX)[ (1)] + = //p(1)(r yw(r,r')drar’ +-7:corr[,0( )]

Feorr[p" / dA// YA (r,¢'; N)w(r,r')drdr (26)

Starting point for approximations
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Approximate functionals

Inhomogeneous fluids

Outline

e Inhomogeneous fluids

@ Approximate functionals
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Approximate functionals

Inhomogeneous fluids

Long range forces and mean field methods

In previous equation:
@ Discard correlation effects, i.e. Feor[p(V)] =0
@ Take reference system as a uniform ideal gas with density p(~")

, 1
Flp = FO0] 4 5 / / PO () wr.¥)drar’

Mean field approximation

@ Useful for low density systems interacting via long range
potentials

@ Limited for systems where long wavelength fluctuations play a
role
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Approximate functionals

Inhomogeneous fluids

Quadratic approximation

@ Consider a weakly inhomogeneous density p(r) = po + dp(r) with
0p(r)/po << 1 everywhere.

@ Expand F up to second order in dp(r):
Floo+ 5p(r)] = Vio(po) + / / drdr' sp(r)A(r — F')op(r') + - (27)
@ That written in terms of the Fourier components becomes:

Flpo + 8p(r)] = Vfo(po) stp(k (K)3p(—k) + (28)

@ Using the variational formula: ‘”E["]

— p+ ¢(r) = 0 one finds:
Ak )6p(k) = —do(k) (29)
@ Comparing with linear response:

1 kT
x(k)  poS(k)
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Approximate functionals

Inhomogeneous fluids

Quadratic approximation

Quadratic approximation:

Floo +30(0)] ~ Vio(po) + 517 > 50(K)
k

The free energy cost in creating a density modulation with wavevector
k is proportional to 1/S(k)
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Approximate functionals

Inhomogeneous fluids

Local density approximation

@ We consider a free energy density f = F/V to be a function of
p and its lower order derivatives:

+oo dp(1) d2p(1)
A= [ e M@, Y ) e

— 00

@ Assuming the gradient is small the integrand can be expanded
as:

dp! dp! a?pM
_ 1) p P 1¢ (1) P
f= fo(p ) + f1( ) dz f2( ) ( adz ) f2 (p ) dzz
@ Inserting into the integral and truncating at first order:

+oo
FlpM) = / dz f(p""(z)) Local Density Approximation (LDA)
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Approximate functionals

Inhomogeneous fluids

Square gradient approximation

@ Truncating previous expression at second order. We get:

+00 Y
A= [ e [’%pm(z» 2 (%) ]

— 00

Square Gradient Functional (SGF)

@ Use of the variational principle leads to the the following
differential equation for p(Y)(z):

(A2 Po(2)
f0+f2< o0 >2f2dzz—ﬂ¢(z)

@ With: ’
K(pM) = EkBT/c(r)rzdr
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Inhomogenaous fluids Application 1: liquid-vapor interface
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e Inhomogeneous fluids

@ Application 1: liquid-vapor interface
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Inhomogeneous fluids

Liquid-vapor interface

@ Consider a liquid in equilibrium with
its vapor — interface

@ p. and pg are the liquid and gas
densities

@ Weak external field: ¢(z) = mgz

@ Interface parallel to the xOy plane
and density is a function of z

@ Questions:

@ How does the interfacial
profile,p(z), look like atany T ?
@ How to calculate surface tension ?

Mario G. Del Pépolo Statistical Mechanics
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Inhomogeneous fluids Application 1: liquid-vapor interface

Free energy model

Square gradient approximation:

Flo] = /_ :o <fo th (3@)2> dz (32)

where f; is free energy density of uniform system.
Using the variational principle:

SF[n]
dn(z)

—p+o(z)=0 (33)

n=p()

One finds:
Euler-Lagrange equation:

Lo (dp\? d?p
644 (L) —2us —n—ol2)
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Inhomogeneous fluids

Application 1: liquid-vapor interface
Free energy model

[T (@)e
T —

G et et

ip)
)|,

e Boundary conditions: p(z) — pg for z — +oo and p(z) — p. for

Z— —00



Inhomogeneous fluids Application 1: liquid-vapor interface

Using the square gradient approximation

Using a mean field approximation:

b(po) = —%w/ w(r)r*dr = %m (34)

and in the limit ¢(z) = mgz — 0

d?p

oMoz =+

Defining

<
=X
2

I

I

_\52 —fo(p) + 1p — = =—fp)+n  (35)
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Application 1: liquid-vapor interface

Inhomogeneous fluids

Using the square gradient approximation

Euler-Lagrange equation:

Boundary conditions:

im  W(p) = —~fo(poun) + tppur = P (37)
with
_J PG Z—+@
Pbulk = { o1 2 — —00 (38)
Integrating previous equation:
dp [2 1/2
= | 5P W] (39)
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i 1: liquid-vapor interf
Inhomogenaous fluids Application 1: liquid-vapor interface

The density profile

@ A second integration yields the density profile:

mh1/2 [P 1/2
z=(7) /p(o) do [P — W(p)]

@ Last ingredient: model for W(p): a
2
At liquid-gas coexistence
] P P
~W(p) = Pr = zor(p — p)*(p — v)* j
3
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Inhomogeneous fluids

The density profile

Using the previous model for W(p):

()" [
z = —|— B E—
Cr (0) (p = p)(p = pg)

= —¢In <p(z)—pG>

pL— p(2)

with: ¢ = (m/cr)'/2/(pL — pg) — Interface width

Application 1: liquid-vapor interface

p(2)

2

1 1
(oL + pa) — §(pL — pg) tanh (

z

2¢

)
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Outline

e Inhomogeneous fluids

@ Application 2: electrostatic double layer
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RETEEBTEE ilEE Application 2: electrostatic double layer

A single charged plane

1o O ©)

@ Infinite planar surface 1600 ©
e Position z=0 o) ® o ©
@ Uniform charge density, o < 0 - ® © o ©)

@ lonic solution in contact with the - oo ®
surface - ® ©) ® O

° Z\;:&r;qsrtocf:ﬁéc;u;atl(r;g) the ionic 1000 6

:t —
196 0 ®

Mario G. Del Pépolo Statistical Mechanics 32/36



Ink i 3 q
MBTERTERUS iMEE Application 2: electrostatic double layer

A single charged plane

Floppl = — 3 kBT/OOp,-(z) lin (pi(2)A%) — 1] dz (42)
S=+,— 0
2 [ ez 43)
2
T2 =-Spa) with D=0 -p-(2)  @44)
and
o(2) = 05 exp (59/(2) (45)

Two considerations:
@ Inthe bulk p = p° = p°
@ Overall charge neutrality requires: ef0°° pe(2)dz = —o
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Inhomogeneous fluids

A single charged plane

Application 2: electrostatic double layer

Using the variational principle:

aQ[p", p7]
= 4
we arrive at:

Poisson-Boltzmann equation:

d?d(z)  2epg

a2z o sinh (Bed(2)) (47)

PO(2) . _ [2pe2
77/$Dsmh[<l> (2)] with kp= okaT (48)

Boundary conditions:

or

do(z) do(z
dz =0 and dz
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Ink i 3 q
e s Application 2: electrostatic double layer

A single charged plane

Linearising with respect to ¢*(z): N ’1/' T
] KD
d?o(2) 2 T ]
d22 ~ K/Dq)(z) E;Z*epg
with solution: | ®(z) = —— exp (—kpz) i+ ]
€E0ORD
o/®(0) =exp — Capacitance Lo e o
The linearised densities are:
_ 0. €%2) _ o, rolo| _
pi(z)_pi:': kBT _pii 2¢ eXp( KJDZ)
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RETEEBTEE ilEE Application 2: electrostatic double layer
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